MTH 166

Lecture-22

Solution of Laplace Equation




Topic:
Solution of Partial Differential Equations

L_earning Outcomes:

To solve two dimensional Laplace Equation



Problem. Solve 0% + 0%u _ 0 [2D-Laplace Equation]
' dxz = 9y?

Solution. The given one dimensional wave equation Is:

°u  d*u _

dx2 ﬁ_o 1) 0<x<aq0<y<bt>0

Let solution be: u(x,y) = XY (2)  whereX = f(x),Y = g(y)
02u " 2u _ 1

=-S5 =XY and P = XY

b

Equation (1) becomes: XY + XY =0

=>—=——=k (Say) 0 -2

a

As k can take three values: zero, positive or negative, so we have following three cases.



Casel. Whenk =0

=>Y=cy+d

X_:k :}X—:O :}X”ZO :>X:ax+b
X X

A|SO—Y—=k :>—Y—=O =>Y'"=0
Y Y

Required solution of equation (1) is:
u(x,y) =XY =(ax+b)(cy + d)
Case 2. When k = p* (Positive)

X_”_ X_”_Z " _ N2y —
X—k == =D =>X" —p*X=0

SE (D*—-p*)X =0
AE.(D*—p*) =0 =D =+p



~ X = aeP* + be™P*

I I
Y

Also —Y7=k =>—7=p2 =YY" +p?Y =0
S.E. (D* +p?)Y =0

A.E.(D?+p%) =0 = D = +ip

~Y = ccospy + dsinpy

Required solution of equation (1) Is:

u(x,y) = XY = (aeP* + be™ P*)(c cospy + d sinpy)
Case 3. When k = —p* (Negative)

=k :X—”=—p2

— = X" +p?X =0
X X



SE(D?+p)X =0
X = acospx + bsinpx

AISO—YT:k :}—Y—:—pz :Y”_pZY:O

SEMD?—-p>)Y=0 =0
AE.(D?—p%) =0=0 > D =+p
~ Y = aePY + be™PY

Required solution of equation (1) is:

u(x,y) = XY = (acospx + bsinpx) (aeP¥ + be™PY)



Note: For Laplace Equation

. 0%u  0%u
Equation: —— + 37 0

Nature: Elliptic

Solution: 1.u(x,y) = (ax + b)(cy + d)

2. u(x,y) = (aeP* + be P*)(ccospy + d sinpy)

or
u(x,y) = (a coshpx + b sinhpx)(c cospy + d sinpy)
3. u(x,y) = (acospx + bsinpx) (ae?Y + be™PY)

or

u(x,y) = (acospx + b sinpx) (a coshpy + b sinh py)



Problem. Prove that a two dimensional heat equation becomes Laplace equation in

steady state.

Solution. The two dimensional heat equation is:

U _ o [azu azu]
ot 2 dx2 T dy2 (1)

In steady-state: % =0

So, In steady-state equation (1) becomes:

_ 2 [0%u _u 0%°u  d%u] _ 2
0=_C [ax2+ i :[ax2+ay2]_o (As C2 # 0)

which is a two dimensional Laplace Equation.
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